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Introduction
Composite materials have received increasing attention in the past forty years thanks to their excellent weight to mechanical properties ratio. Specifically, short fiber reinforced composites (SFRC) have been considered as a good alternative to metals, especially in the automotive industry, to reduce gas emission through the reduction of automotive vehicle mass. Their high thermomechanical performance to density ratio allows for the design of lightweight structural parts. However, the microstructure of such materials, combined with the matrix sensitivity to environmental conditions, has a strong impact on their overall behavior and specifically on the apparition of damage. Damage in SFRC occurs at the microscopic level according to different physical degradation mechanisms, namely: interfacial decohesion, fiber breakage and matrix microcracks [1] [2] [3] [4] [5] . All these studies have shown that fiber/ matrix interfacial debonding is the predominant damage mechanism and plays a crucial role in the progressive degradation of the effective behavior.
The development of predictive models for fatigue of composites requires proper descriptions of these phenomena, which depends on local mechanical fields. Micromechanics therefore appears to be an adapted approach to combine the required the knowledge of the local stress state in each phase constituting the particulate composite and the description of the effective behavior. This type of modeling approach remain a challenge, especially considering the non-linear behavior of the matrix combined with damage. Multiscale models have always been a key approach to approximate the macroscopic behaviour of microstructure-dependent particulate composite materials such as SFRC [6, 7] . The evolution of the defects and void density are therefore computed as a function of the local stress state [8, 9] . However, the integration of damage at the interface does not properly include the evolution of the load transfer between the reinforcements and the matrix, and has to be enhanced accordingly.
Damage at the interface in composite materials has received a lot of interest in the past two decades. One of the developed methods consists of using a dedicated fiber coating also called an interface [10] . The main drawback is that such a three phase model implies that the knowledge of coating properties, which is rarely available. Hashin introduced the imperfect interface approach which accounts for the displacement and stress jump at the fiber/ matrix interface [11, 12] . The aim was to replace the explicit three phase problem consisting of two constituents and an interface by a two phase homogenization with one imperfect interface. Many authors have investigated the imperfectly bonded interface [13, 14] . Zhong and Meguid developed a new solution for the eigenstrain problem, as defined by Eshelby [15] , of a spherical inclusion with an imperfect interface [16] . In addition, the shear lag model (SLM) has been developed to model the behavior of fiber reinforced composites. This approach predicts the elastic behavior of a two phase composite, whose fibers are stiffer than the matrix. It specifically gives the stress state inside the fiber. This method was originally developed by [17] . One of the main assumption of this method is that no slip occurs on the fiber/matrix interface. Recently, Jain et al. [18] have developed an equivalent debonded inclusion model for Eshelby based approaches coupled with the Cox's predictions applied for six loading cases, namley three uniaxial tensile and three shear loads.
The presence of stiff fibers induces a stress and strain distribution within the composite while the fibers bear most of the macroscopic stress, the strain in the matrix is more significant. As a consequence, this leads to a shear stress at the fiber/matrix interface, which governs the load and stress transfer between the matrix and the fibers. The definition of this stress transfer depends on the properties of the two-phase composite. Key equations will be briefly recalled in this paper. The whole method is detailed in terms of mechanical and mathematical analyses by [19, 20] , which are considered among the reference works in this topic. Jiang and Gao have also studied the stress transfer from matrix to fiber in short carbon fiber aluminium-matrix composites at several different thermal conditions [21] . In particular, they have compared several theories including, the shear lag model, and have considered a wide range of fiber aspect ratios.
The approach developed in this paper combines the result of an interfacial damage law with a specific load transfer model inspired by the shear lag model. Indeed, the shear lag model is utilized to determine the stress distribution of a partially debonded fiber, considering a non-zero shear stress field only at the non-damaged interface. The determination of the evolution of debonded zones depends on an evolution equation for interfacial damage, based on a probabilistic criterion. Translated into a debonded area, a shear lag model approach allows for the determination of the stress state in the fiber to be compared with the non-damaged stress state. Thus, a load transfer ratio is obtained, which is integrated into an adapted micromechanical homogenization scheme using an appropriate computation of the concentration tensor in order to determine the stress fields of the different phases. The developed approach is therefore designed to suit an incremental multiscale model and can accurately capture the nonlinear behavior accounting for progressive interface degradation.
The organization of this work is as follows. Section 2 further describes the experimental observations of interfacial damage that led to the proposition of the present load transfer model. Section 3 presents the formulation of the damage evolution law based on a statistical local criterion and the load transfer model. The end of Section 3 is devoted to the integration of such formulation into a homogenization scheme, namely the modified Mori-Tanaka model applied for particulate composites [22, 8] . A numerical validation of this new approach is performed in Section 4, based on a finite element solution for interface decohesion using an advanced cohesive element approach proposed by [23] . The comparison considers the case of a short fiber reinforced polyamide 66 composite. In Section 5, the limiting case of spherical inclusions is investigated and the developed model is then applied for three types of composite with spherical reinforcements and compared with several results from literature and reference solutions: experimental results of [24, 25] and a model developed by [26] for slightly weakened interfaces. The influence of the fiber aspect ratio is briefly discussed. The last section of this paper provides a conclusion summarizing the main results.
Experimental observation of interface damage evolution
Interfacial damage mechanisms have been observed by several authors in many different systems. For the particular case of short glass fiber reinforced polyamide-66, in situ damage mechanisms' characterization under quasistatic monotonic loading were investigated by [1] [2] [3] 5] . They reported that in most cases, interfacial damage starts at the fiber ends and further propagates along the fiber-matrix interface.
Following the analysis of Horst and Spoormaker [3] , Arif et al. [4] have proposed a damage progression scenario where the dependance on the relative humidity (RH) is taken into account:
The damage starts at the fiber ends, or in areas where local stress concentration is the highest, and at locations where fibers are close to each other (all studied RH contents), as shown in Fig. 1 . Specifically, for RH = 0%, fiber breakage occurs in addition to the previous forms of mechanisms. Damage interface propagates along the fiber in the form of fiber/matrix interfacial debonding as observed by Arif et al. [4] for all studied RH contents. The interfacial decohesion is accompanied by fiber breakage occurrence for RH = 0% whereas it appears with a locally strained zone around the fiber for RH = 50% and 100%. Matrix microcracks develop and propagate in a brittle way for RH = 0% and in a ductile way for RH = 50% and 100%, accompanied with high matrix deformation bands for RH = 100%. The propagation of the matrix microcracks brings about damage accumulation leading to total failure.
Such interfacial decohesion appears in PA66-GF30 along the fiber interface, shown in Fig. 1 , from [4] . Fig. 1a shows that the damage along the interface leads to a rather important interfacial decohesion. The stress distribution in the phases is then strongly impacted according to the creation of free surfaces in the material. Fig. 1b illustrates that fiber ends are a principal spot for the initiation of damage.
Such observations lead to the conclusion that micromechanical predictive models with damage should include the effect of interfacial debonding. Since damage evolution is driven by the local damage state for all mechanisms, it is crucial to determine the stress distribution in the different phases where interfacial debonding propagates. In particular, the stress transfer at the damaged interface requires thorough attention in order to determine the stress state of the fibers, which impacts the overall stress distribution.
The recent development of microcomputer tomography (microCT) has pushed forward the quantitative evolution of damage propagation in composite materials [27] . The specific case of damage evolution in PA66-GF30 fatigued samples has been studied by [1] . The main features of defects, such as volume, orientation and shape, have been obtained for several levels of overall damage, represented in terms of number of cycles relative to the number of cycles to failure. One of the main conclusion is that the orientation of defects follows the orientation of fibers, which indicate that interfacial debonding is the leading damage mechanism. Indeed, the volume of defects oriented in the fiber direction is increasing throughout the lifetime of the composite. Tt is difficult to directly relate those quantifications to an evolution law of the interface decohesion surface, however, this clearly shows that such an evolution equation drives the fatigue behavior of the composite.
Fiber/matrix interface decohesion statistical damage model
Following the experimental observations summarized in the previous section, the proposed interfacial decohesion model consists of three components:
1. An evolution law for the damage at the interface. The definition of each component of this model is independent, as long as they follow the next requirements: (i) the description of the damage for one interface is described by an internal variable, which can be scalar or tensorial -such a description can be generalized to a family of interfaces and incorporated into a probability approach; (ii) the load transfer model is written in terms of the internal variable chosen for the evolution of damage of an interface or a family of interfaces; (iii) the reinforcements are considered ellipsoidal. Note that such requirements are not mandatory, but they allow the utilization of several different homogenization methods and the facilitation of the determination of local fields that can be incorporated into the damage evolution equation or the load transfer model.
Damage evolution law
The evolution equation for local damage d loc at one point of the interface should take into account three main feature: (i) it should depend on the local stress field at the interface (or the stress field just inside and just outside of the reinforcements); (ii) it should depend on the level of global damage d of the whole interface; (iii) since one evolution equation hold for fibers with slightly different local arrangements, orientation and shape, it should be written in terms of a probability of damage e P r over a certain characteristic time k. Such an evolution equation will have the following general form:
Such damage probability (Eq. (6)) is utilized to compute the damage increment within each time step. Global damage d at the fiber-matrix interface varies between 0 (perfect interface) and 1 (full decohesion), and is computed from local damage at the interface. The influence of the local stress state is taken according to a quadratic rupture criterion (Eq. (2)). This approach is partially based on the work done by Jendli et al. [28] . This criterion depends on the interfacial stress at the interface: the normal component r n and the shear component s. r crit and s crit are the maximum normal and shear stress prior to full interfacial debonding, respectively. Meraghni et al. [29] describe how to obtain the normal and shear components of stress at the interface using the continuity of the traction vector at the interface. The shear and normal stress components can thus be computed at each point of the ellipsoid surface. The original form of such quadratic failure criterion is expressed as:
To represent the differences in the stress threshold that correspond to the damage apparition for an isolated fiber and to the damage present in all fibers of the same family, a probabilistic factor g is introduced in the criterion, which becomes nðr n ; sÞ according to Eq. (3).
Furthermore, since the local arrangement of surrounding fibers introduces a variability which is, for instance, difficult to describe with mean-field homogenization techniques, a probabilistic approach aims tp describe the damage evolution in a family of reinforcements that share some common features, for example, orientation and aspect ratio. The damage evolution equation therefore accounts for the local differences in terms of stress and strain fields.
The probabilistic formulation of the criterion (Eq. (3)) is introduced using a normal distribution law in Eq. (4). It allows for the determination of the probability of rupture P r at the interface for any kind of interfacial stress. N is the cumulative distribution function of the normal law. The formulation requires three parameters: c (shape function parameter), j (damage threshold) and a (damage location exponent). The second parameter takes on values between 0 and 1 and governs the mean value m and the standard deviation sd of the normal distribution. This damage law is designed to be applied at all points of the interface since the damage evolution/propagation strongly depends on the location of the interfacial debonding.
The damage evolution is considered to be correlated with the local curvature of the envelope. This is taken into account by means of the gaussian curvature CðxÞ of the considered surface point x, relative to the gaussian curvature along the central equator of the short fiber C 0 ðxÞ and an exponent parameter a. P r ðr n ; sÞ ¼ N ðC 0 =CÞ a n c ; m; sd À Á ð4Þ
The mean value m and the standard deviation sd are defined as:
where j adjusts the mean and standard deviation of the normal law to obtain a value of P r ðr N ; sÞ ¼ 99% along the rupture criterion. sd 0 is the standard deviation which allows for reaching a damage level of 99% for j ¼ 0, when the failure criterion is reached.
The density function associated with normal distributions has strictly positive values on À 1; þ1½. Thanks to the choosen adaptive standard deviation (sd), the cumulative distribution function already reaches 0.99 on ½1; þ1½. However, the density function corresponding to À 1; j should be zero. To this aim, the value of the density function at the abscissa j is subtracted from Eq. (4). Then, the equation is normalized to guarantee that the integral of the density function over the whole interval À 1; þ1½ will be equal to 1. This leads to Eq. (6):
Finally, the evolution equation of the local damage for each material point at the reinforcement/matrix interface, that accounts for the actual damage d, representative of the damage for the whole interface, and x, which is a parameter expressing the effect of the accumulated damage on its own evolution, is as follows:
ÃP r ðr n ; sÞ ð 7Þ Fig. 2 illustrates this last equation and shows the influence of the normal and shear components of the traction vector on damage rate at a material point of the reinforcement/matrix interface.
Since this local damage evolution equation is suitable for all material points at the interface, it can be computed over the entire envelope of the reinforcement. To this aim, two integration angles u and v are used to express the ellipsoid surface of the inclusion. It is worth mentioning that u is the angle between the vector x and the projection of the normal vector in the x0y plane, while v is the angle between the vector z and the projection of the normal vector in the x0z plane. The damage rate is then computed at each mesh point, using the corresponding normal vector. Fig. 3 show the ellipsoidal fiber with the criterion n computed accordingly, and a damage map using the two integration angles u and v (both in longitudinal-transverse planes).
It has been found that the evolution of the local damage criterion around this ellipsoid is maximal around the fiber ends for tensile loading (Fig. 3a) . This is consistent with the experimental observation that damage is mostly initiated in those areas [1] [2] [3] [4] [5] . However, the other stress state exhibits a maximal rate in other areas of the reinforcement envelope, as seen in Fig. 3b . The damage computation should not be restricted to the fiber ends only, even though it appears to be the most frequent case. In the proposed model, the local damage criterion is computed over the whole envelope using an appropriate surface mesh. The maximal damage appear to be the driver of the damage evolution variable for the entire ellipsoid, since it directly depends on maximal traction (in terms of the quadratic criteria). The maximal local damage rate is therefore selected as the representative damage rate of the whole interface:
In the next section, the load transfer ratio is defined based on the damage at interface d, assuming that the damage initiates at the fiber ends. Such a unique damage variable for a family of fibers with the same orientation is convenient for the integration of this type of approach in multi-scale homogenization methods, and the localization of damage initiation is the core assumption of the load transfer model adopted.
Load transfer model
The presence of degraded interfaces influences the stress distribution inside the composite material. Compared to the perfectly bonded case, it is convenient to define a stress transfer problem for a partially debonded interface, which corresponds to the approach of the shear lag model as utilized by [20] on long cylindrical fibers.
Such an approach itself is not suitable in a homogenization scheme, since it does not give the complete stress state of the components, but rather provides only the uniaxial stress state of the fibers. However, the comparison between the uniaxial stress state predicted by this approach for a perfectly bonded interface and a partially debonded interface near the fiber ends can provide insight into how the stress state of the fiber is actually affected. This information can be further utilized to estimate the stress state of a partially debonded fiber based on other homogenization schemes, for instance, a Mori-Tanaka incremental scheme. The theoretical undamaged stress inside a fiber that is considered to be infinite r f 1 is assumed to be determined from such a homogenization method. Indeed, for short fiber reinforced composites, since the aspect ratio is still rather significant (at least % 10), the reinforcement can be considered both as an ellipsoid for the homogenization method and as an infinite fiber from the point of view of the shear lag model. A similar technique has been adopted by Jain et al. [18] in their relevant work devoted to modeling partially debonded interfaces.
A brief review of the shear lag model (SLM) based on [20] is first presented here, which applies to cylindrical fibers. The SLM derives Eq. (9), defining the stress of a fiber section by its coordinate z (origin at the fiber center). b is the shear lag parameter as defined by
McCartney [30] ; < r f > is the average fiber stress and < r f 1 > is the average theoretical fiber stress if the fiber was an infinite cylinder (superscripts 1 and 2 stand for the fiber and its coating, respectively, subscripts r for the fiber radius, E A and G A for the axial tensile and shear moduli and V f are volume fractions). 
This differential equation is then integrated assuming, for the boundary conditions, that there is no stress at the fiber ends (Eq. (10)). In this equation, l is the length of the fiber. This corresponds to debonding at the fiber ends and is appropriate with the damage scenari in short fiber reinforced thermoplastics [1, 4] . In fact, this equation defines the load transfer ratio for each fiber section ranging from its middle to its end. Eq. (10) is at last integrated over the whole fiber to get a load transfer ratio W 0 between the coating and the fiber (Eq. (11)).
The damage parameter is then used to decrease the effective fiber length regarding load transfer, which is, in fact, reduced by the damage percent. The stress transfer ratio (Eq. (10)) is illustrated in Fig. 4a and the global load transfer ratio (Eq. (12)) in Fig. 4b .
Due to the boundary conditions at the end of the fibers, the load transfer ratio is not equal to 1, in terms of its bounded length, when the fiber is considered to be totally bounded. Such a ratio is therefore taken in comparison with the initial load transfer ratio in order to obtain the ratio v to be utilized in the further homogenization method and to ensure that v ¼ 1 in a virgin material, leading to the final formula (Eq. (13)). Fig. 4a shows the evolution of the local stress transfer along the length of the fiber. This shows the effect of reducing the effective length of the bounding area. In Fig. 4b , the global load transfer is represented as a function of the interfacial damage. First slightly affected with damage, when some critical value is reached (at d = 75% on Fig. 4a for instance) , the load transfer begins to drastically decrease. The load transfer eventually reaches 0% when the whole fiber interface is debonded.
Adopted homogenization scheme
Micromechanic models of non-linear heterogeneous materials require incrementally solving a repetitive series of steps, given an increment of strain/stress. In what follows, the methodology s crit ¼ r crit =2, and g is equal to 1. The graph is a damage map using the two orientation angles u and v in the planes x0y and x0z, respectively. is applied by taking into account an given increment of strain. Note that other constraint drivers can be utilized (for instance, stress) by considering an additional step predicting the appropriate strain increment based on constraint drivers and the tangent modulus of the effective material.
1. The average strain increment D e is utilized to determine the local strain increment in all the composite phases. The strain increment of the i-th phase is computed from the localization equation, based on a strain concentration tensor A i . Such an incremental localization relation (in which the strain concentration tensor is instantaneous and incorporates nonlinear effects [22] ) of a phase has the form:
The determination of the instantaneous strain concentration tensors in the previous localization relations is a major step in the homogenization problem. Several methods exist where the composite is usually discretized into a finite number of phases with specified responses, properties and orientations. A given phase is embedded into an infinite matrix and strain concentration tensors are determined via the solution of boundary value problems [15, 31] . The Mori-Tanaka Method [32, 33, 31, 34] actually considers that the inhomogeneity is embedded in the matrix phase with the far-field conditions being that of the matrix average. Note that the determination of the instantaneous concentration tensor depends on the tangent modulus of the phases ( [35] ) which, in turn, depends on the strain state of the phases and thus on the localization tensors. An iterative process is therefore required in this step, where the constitutive response of the phases are computed using a trial strain increment, and where the localization tensors are corrected according to the new tangent modulus obtained. 2. The second step is the homogenization process. Knowing all the instantaneous responses of all the phases (namely the tangent modulus and the actual stress), and having determined the concentration tensor for all the phases, the global mechanical response of the composite material is obtained by:
In the previous equations, c i is the volume fraction of the i-th phase. Furthermore, the stress transfer ratio is integrated into the homogenization step, so that the stress in the family of fibers i is considered to be:
r i 1 correspond to the stress predicted if the considered fibers were perfectly bonded. To correctly predict the overall tangent stiffness (and therefore the strain localization tensors), note that the tangent modulus determined from the constitutive equation of the partially debonded fibers accounts for the stress transfer ratio in the first step.
Validation with finite element simulations

Introduction of a finite element model
A 3D finite element model has been developed to compare the results obtained with the shear lag approach model. This FE model consist of a representative volume unit-cell (RUC) of cuboidal shape. It is composed of two prolate spheroidal inclusions representing the fibers (one centered in the RVE and the other on the limit of the RVE) and a matrix filling the remaining RVE (see Fig. 5 ). The geometry of the fibers is governed by an aspect ratio, named AR (which is the major semi-axis length divided by the minor semi-axis length), and a fiber volume fraction, referred as V f . These two parameters allow for the determination of the semi-axis length.
The geometry and the mesh are periodic, with periodic boundary conditions. The closest node from the center of the RVE is fully clamped. The loading is applied at the limit of the RVE using constraint drivers (see [36] ). A constraint driver representing the average strain in one direction is applied along the tensile direction and the stresses are set to zero in all other directions. FE problems are solved using Abaqus Finite Element Analyses package.
To include the interfacial debonding mechanism, cohesive elements are inserted at the matrix-fiber interface. Cohesive elements are powerful numerical tools allowing the characterization of the fracture and fragmentation of various materials. The main principle of cohesive elements is that two initially adjacent surfaces are linked using a traction-separation relationship, which permits the simulation of a progressive debonding between these surfaces. These elements have been used to model different material responses such as the crack propagation in asphalt concrete beam [37] and the debonding in a fiber reinforced concrete beams [38] . A relevant review of traction-separation relationship for cohesive models has been reported by Park and Paulino [39] , which focuses mainly on potential-based cohesive formulations.
Selection of cohesive elements
The selection of proper cohesive elements is mainly based on the following criteria: (i) ability to identify, at least partially, the traction-separation parameters based on the proposed model for interface damage, (ii) cohesive elements with zero initial volume and (iii) availability in the selected Finite Element Analyses package. For these three criteria, the element suite of Spring and Paulino [38] has been selected.
The selected elements use a potential-based traction-separation law. This guarantee the consistency of the constitutive relationship for any fracture under mixed-mode conditions, which is relevant to model the debonding of a fiber in 3D. Selected cohesive elements are based on the intrinsic PPR model developed by [23] . The potential of the constitutive law is given in Eq. (18) . U n and U t are the normal and tangential fracture energies, C n and C t are constants related to the normal and tangential fracture energies, D n and D t are the normal and tangential opening traction displacements, d n and d t are normal and tangential final crack opening displacements, f n and f t are law shape parameters, k n and k t are the initial slope indicators, N n and N t are non-dimensional exponents related to f n ; f t ; k n and k t . < : > are the Macauley brackets. Inputs of these cohesive elements are therefore U n ; U t ; f n ; f t ; k n and k t , as well as r crit and s crit which are the normal and tangential cohesive strengths. Expressions of N n ; N t ; C n , C t ; d n and d t are provided in Eq. (19) .
Spring and Paulino [38] have implemented this cohesive law in user element subroutines (UEL) for three different types of 3D elements, which allows for easy use in Abaqus. The available elements are linear brick, linear tetrahedral and quadratic tetrahedral elements. Only linear brick elements have been used in this paper. To briefly describe the content of the algorithm behind this user element subroutine, five element states are available: the contact condition, the elastic condition, the softening condition, the unloading-reloading condition and complete failure. The contact condition is solved by a penalty stiffness approach. Under the softening condition, the traction force is given by the derivative of the potential (Eq. (20)). Under the unloading-reloading condition, the traction forces are reformulated assuming a linear elastic behavior law, without anelastic strain. Under the complete failure condition, the traction forces are null. The local traction vector is thus expressed as:
where D 1 and D 2 are the crack opening widths in the plane perpendicular to the normal direction and
[38] can be consulted for more details. Inspired by [39] and to provide an example of the tractionseparation typical behavior, the constitutive law is shown in Fig. 6 . These curves result from a single element under traction (Mode I) and shear (Mode II). They represent the stress in the traction direction in the case of mode I and the maximum shear stress in the case of mode II. The parameters of the cohesive element
During the tensile test, the stress increases linearly until it reaches r crit , then the softening behavior causes the stress to decrease from r crit to zero. The curved shape during the softening phase is convex due to a f n greater than 2. During the shear test, the stress increases linearly until it reaches s crit , then the softening behavior causes the stress decrease from s crit to zero. The curved shape during the softening phase is concave due to a f t less than 2.
Geometry and properties of the SFRC in the FE model
The PA66-GF30 is modeled by FE method using a SFRC to compare with the load transfer model (Fig. 5 ). This case is studied for various loading directions: 0 (in the direction of the fiber), 15 ; 20 ; 45 and 90 . Geometric and material properties of the FE model with ellipsoidal inclusions are given in Table 1 . It should be noted that, based on the Tresca criterion, the tangential cohesive strengths s crit is set to be equal to half of the normal cohesive strengths r crit . All other parameters for cohesive elements are the same for all models:
U n and U t are given by [40] . f n and f t are chosen to obtain a quick total failure condition when softening appears. k n and k t are chosen to obtain the lowest value of the ratio of the critical crack opening width to the final crack opening width. Conversely to a crack, the interface debonding is considered to occur with a low opening displacement. C3D4 elements were used to model the matrix (54,588 elements) and the fibers (239,860 elements), and pentahedric elements were used at the interfaces (13,856 elements).
Comparison with the proposed model
Von Mises stresses resulting from the FE simulation of the PA66-GF30 in the case of loading at 0 (in the direction of the fiber) are shown on Fig. 7 . For the sake of clarity, the displacement scale factor is set to 10 and only half of the RVE is shown. The debonded area at the matrix-fiber interface can be seen clearly. As presented in the bibliography, in the case of short fiber reinforced composite material, debonding at the matrix-fiber interface often appears on top of the fibers. Within this case study, debonding starts where the tensile stresses at the interface are maximum and spreads along the reinforcements. The interfacial damage reduces the stress level at the fiber extremities while the Von Mises stress in the middle of the fiber is still high. These observations are in agreement with the main hypothesis of a shear-lag approach, i.e. the load transfer driven by the shear stress.
The comparison, in terms of effective stress-strain responses, between the FE model with cohesive elements and the new model is illustrated in Fig. 8 . The FEA model response has been utilized to identify the parameters of the newly proposed method. The method applied for identification is a hybrid optimisation algorithm associating a genetic algorithm optimised with a Levenberg-Marquardt method [41] . The identified parameters of the damage evolution law at the interface used for the comparison of results are g ¼ 1:61, c ¼ 2:084, j ¼ 0:037, x ¼ 2:962 and a ¼ 0:317.
Since it has been shown that debonding can be captured properly with the FEA unit model, this model is further utilized to study the capabilities of the proposed approach. Considering the PA66-GF30 composite material, five orientations have been simulated using the FE model with cohesive elements. The results are shown in Fig. 8 . The overall non-linear response of five composites reinforced with fibers in different directions are all captured with accuracy. Note that the high strain reached for purely elastic materials correspond to a severe debonding of the fibers. Debonding initiations have been well captured. Since only one set of parameters has been used to capture the effect of all fiber orientations, it clearly shows the influence of the local curvature CðxÞ introduced in the probability function (4). In the case of injected composites with a complex microstructure and multiple orientation of fibers, such capabilities will be of the utmost importance since they will facilitate an inverse identification approach to determine the characteristic parameters of damage evolution.
Validity limit of the new approach
In this section, the capability limits of the proposed model are evaluated. The inspired shear lag solution has been justified for the case of ellispoidal inclusions, since it has been shown experimentally that debonding primarily occurs at the fiber ends. However, many composite materials contain spherical inclusions, which can be seen as a limiting case of ellipsoidal inclusions. Several experimental results and numerical models are available in the literature to further validate the proposed model for this specific case.
Comparisons are provided and discussed. To this end, FE results and those obtained by the proposed approach are compared to experimental and numerical results from the literature. For each simulation performed with the new model, the parameters of the damage law (g; c; j and x) are identified by the same reverse engineering algorithm utilized in the previous section. In this case, however, the parameter a is of no interest as the curvature of a sphere is constant, and is therefore not present in this section.
A weakened interface approach
The developed approach is now compared with a similar work based on imperfect interfaces from [26] . They modeled the effect of slightly weakened interfaces on the overall elastic properties of composite materials reinforced by spherical particles. Their micromechanical model is based on the work of [42] , who developed a solution for the Eshelby tensor considering an elastic inclusion with a slightly weakened interface. A phase of a slightly weakened (debonded) fiber phase is considered. The volume fraction of this new phase is determined using an evolution equation based on the average internal stresses of the particles and two Weibull parameters. The effective elastic properties of the damaged composite are then estimated using a three-phase particulate model.
In a subsequent paper [43] , they have developed a multi-level damage model. The evolution of damage (taken from [43] ) is depicted in Fig. 9: (a) at the initial stage, the composite consists of 2 phases (matrix and particles); (b) a third phase is added for a slightly damaged composite material; (c) a fourth phase is added for severely damaged interfaces -now, four phases are homogenized, including two levels of matrix-particle interface damage; (d) a last phase is added to consider voids resulting from debonded fibers. Each damage mechanism is driven by a Weibull-like damage law. Each particle has its own damage parameter and its own evolution law.
The present section consists of a comparison of the proposed model between:
1. A theoretical case study comparing the weakened interface approach [26] and a partial debonding interface approach developed by Ju and Lee [44] . 2. Experimental data acquired by Zhou et al. [24] and the weakened interface approach of [26] . 3. Experimental data acquired by Sorensen [25] and the multilevel damage model of [43] .
Comparison with the weakened interface approach
Lee and Pyo [26] have compared a partially debonded interface approach developed by Ju and Lee [44] to the experimental data acquired by Zhou et al. [24] . They have further compared their multi-level damage model with the experimental data acquired by Sorensen [25] . The properties of these composite materials are given in Table 2 . These results are compared with the proposed model. All identified values for these simulations are sumarized in Table 3 . According to the Tresca criterion, s crit is set at half the value of r crit , which is given in the literature. the new approach were identified from the results of the weakened interface model of [43] , which is considered as the most accurate. In this figure, two asymptotical behaviors are added: an undamaged material (with perfect bonding) acting as a purely elastic material, and a porous equivalent material, replacing the debonded inclusions with voids. The homogenization of the effective behavior is computed with the Mori-Tanaka micromechanical method. Ju and Lee's results quickly converge to the porous equivalent material while Lee and Pyo's model, despite being able to get the initial debonding converge to another asymptote between both Table 3 Parameters of the damage evolution law at the interface used for comparison of results coming from Ju and Lee [44] (6061-T6 Al matrix SiC reinforc.), Zhou et al. [24] (Mg-Al matrix Al2O3 reinforc.) and Sorensen [25] (CAS matrix SiC reinforc. extreme behaviors. In this case, the proposed model is able to reproduce the initial debonding of the two previous approaches, as well as fit closely to the evolution of the weakened interface model.
To further evaluate the model capabilities, comparisons with experimental data obtained by Zhou et al. [24] are provided. The considered material is material 2 in Table 2 . Here, the initial debonding determined by the proposed approach fits perfectly with the experimental data (Fig. 11) and and slightly better than the weak interface model, which was already very accurate.
A last comparison is made with [25] where the related material is material 3 in Table 2 . In this case, Lee and Pyo have used the more complex model (Fig. 9) . The comparison between the different approaches is shown in Fig. 12 . Although the initial effective debonding stress is underestimated for both models, the asymptotical behavior of the experimental data is captured better by the new approach than by Lee and Pyo's model. The developed approach is able to fit the non-linear evolution of the material response with great accuracy.
Beside the ability to capture the non-linear response of composite materials containing debonded interfaces, one of the major advantage of this new method is that it requires only four parameters in addition to the constitutive parameters of the phases and the critical stress for debonding. Actually, the proposed method is based on a two phases approach whereas five phases are utilized for Pyo and Lee's model. It should be noted that more than two phases can make the computation of the effective behavior more difficult when utilizing micro mechanical methods, as shown by Benveniste et al. [45] . It should also be noted that the case of spherical inclusions is actually a limiting case for this method, since the model has been primarily developed for short fiber composites.
To further validate the proposed approach, and at the same time to gain confidence in the numerical validation of the model in Section 4, comparisons are provided for the limiting case of spherical inclusions with numerical simulations obtained from RUC models containing cohesive elements and experimental results from [24] .
Capability limit with FE model
A RUC model containing two spherical reinforcements is defined in a similar way to the RUC model presented in Section 3. Simulations are performed for an Al matrix with SiC reinforcements and a Mg-Al matrix with Al 2 O 3 reinforcements that correspond to material 1 and 2 from Table 2 . Geometric properties of the FE model with spherical inclusions are given in Table 1 . The number of elements and element types for each configuration are summarised in Table 4 . The mesh of the material 1 (Al matrix with SiC reinforcement) is shown in Fig. 13a . Fig. 13b shows a contour plot of Von Mises stresses for the case of an Al matrix and SiC reinforcement. The displacement scale factor is set to 10 to emphasize the debonded regions.
The comparison between the FE model with cohesive elements and the proposed approach is illustrated in Fig. 14 , in terms of effective stress-strain responses for the case of an Al matrix and SiC reinforcement. The FE model response has been utilized to identify the parameters of the newly proposed method. Identified parameters are summarized in Table 5 . A good correlation is observed for both materials. With the shear lag based method, an inflection point appears during the debonding, leading to potential Fig. 11 . Comparison of predicted overall uniaxial responses of Mg-Al matrix with Al2O3 particulate composites between experimental data from [24] , the weakened interface approach [26] and the present model. Comparison of predicted overall uniaxial responses of CAS matrix with SiC particulate composites between experimental data from [25] , the weakened interface approach [43] and the present model. errors for larger strains. According to the the second material (Mg-Al matrix with Al 2 O 3 reinforcement), the results are compared with experimental data extracted from [24] . The FE model and the proposed approach are both close to the experimental data. This ensures the validity of the developed FE investigation the regarding experimental data since the damage evolution is well captured.
Conclusions
A new original approach based on the shear lag model has been proposed in order to improve the simulation of short fiber reinforced composites. A probabilistic damage evolution equation based on a quadratic failure criterion has been implemented. Particular attention has been devoted to the probabilistic nature of such an evolution equation, in order to represent the debonding of a composite material with a large number of fibers. Also, the effect of the orientation of the fiber with respect to the applied stress is considered, using the determination of the local curvature of the fiber-matrix interface when damage appears. Based on the shear lag model, a new load transfer ratio has been proposed with the advantage of being easily implemented in incremental micromechanical approaches. If the developed approach is primarily developed for short fiber composites, it can be adapted to a large variety of composites with different microstructures and reinforcements.
Several comparisons with numerical reference solutions, experimental data and micromechanical models with weakened interfaces have been made in order to study the capabilities of the proposed model, as well as to provide numerical and experimental validation.
A comparison with a Numerical Reference Solution based on FEA with cohesive elements that represent the fiber-matrix interfaces was performed to show the capabilities of the approach to simulate the behavior of short-fiber composites. A good correlation is observed between the FE model, the new approach and the experimental results.
Further comparisons with results relative to a spherical inclusion reinforced composite have shown that the model is able to accurately predict the evolution of the effective behavior of the composite while it experiences significant damage, although spherical inclusions are considered a limiting case of the proposed approach.
Overall, for each comparison, the new model has proved its ability to reproduce the behavior of a composite material subjected to damage at the matrix reinforcement interface whether considering experimental results or numerical reference solutions. Furthermore, the proposed load transfer model is based on the shear lag model and, while several hypotheses about the shape of the reinforcements are necessary, it does not require additional parameters. Another advantage of this method is that only two phases are considered, which simplifies the homogenization step. Considering the shear lag model, a strong assumption is that debonding starts at the fiber ends, whereas the damage evolution law is actually able to provide the localization of maximal damage. Such evaluation of the precise localization of the debonding area may lead to new load transfer models that will be able to capture the debonding evolution, including its initial starting position.
Some parameters of the proposed damage law have to be identified by a reverse engineering procedure from the macroscopic behavior since it is difficult to characterize the debonding on a single fiber-matrix interface. In addition, in the present work, the interfacial damage law is computed along the entire ellipsoid surface by varying the angular step. Adopting small steps yields time consuming simulations, but the computations still remain faster (roughly 100 times) than those based on cohesive FE analyses. For structural simulations using the developed approach, an optimized procedure will required the identification of critical damage points.
